Math essentials
Vector operators
Vectors — an object with a magnitude and a direction (*scalar has only a magnitude)
A=A+ AJ + Ask = (4, 45, As)
Al,{lz,A3: component of 4

i, ], k: coordinate unit vectors
*Magnitude of a vector

|4] = /Ai + A% + A%

/T§=|/T| |§|cos€,0£9£n

Inner product

/T * E = (Ali + Azj + A3i€) * (Bli + sz + B3i€) = AlBl + AZBZ + A3B3
Cross product
AxXB = |/T| |§| U sin @
where i L A &B (right hand rule), |i| = 1
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A X B = Al AZ A3 = i(AzB3 - A3Bz) _j(AlB3 - A3Bl) + k(AlBZ - Ale)
By B, Bj

Gradient operator (operator on a scalar field)
V=1 0 +7 0 +k 0
= 'ox ]6y 0z
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= a vector points toward large values of the scalar
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Divergence (operator on a vector field)

0A, 0A, O0A
1, 9% 94
ox dy o0z

% Z—(“a rj2 +I€a) (At + Ayf + Ask) =
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Laplacian (operator on a scalar field, divergence of gradient)
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VA=V (V) = V0= gt ot o

Ex) In this example, we have convergence (negative divergence) at the peak (V2@ o« —@)

_(0A; 0A\ . (04, 04,
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Divergence theorem

f (v-A) dv:f (A-7) ds

where V: volume, S: surface sounding V, 71: unit normal vector outward from S

Stokes theorem

L {(Vxﬁ)-ﬁ}dszi (A-#)dc

where C: curve bounding S 7: “follows” the RH rule counter-clockwise

Derivatives

““ . . . i d
Ordinary derivative”, o



. . . . df . .
f(t) is a function of one independent variable, t, and ol the rate of change of f with
df .
respect to t. — may also be a function of t, or a constant.

Ex)

df
f(x) =sinx » — = —cosx
dx

“Partial derivative”,

. . . . af .
f(x,y,t) is a function of several independent variables, (x,y,t), and Pl the rate of change of

. . . of
f with respect to t when the other independent variables are held constant. 5, may also be a

function of the independent variables.

Ex)

of
f(x,y,t) = 3x%ysint - prie —3x%ycost

The order of partial derivatives is commutative if the function is smooth

0%f B 0%f
dxdy 0dyox
Chain rule:
of dfodu
fu(x),t) - % %&

Taylor series — represents a function by an infinite sum of terms involving derivative
evaluated at a point (!: factorial)

1 d?f 1 d3f

df
— - _ _ 2 _ _ 3
f(x)—f(a)+dxxa(x a)+2(12 (x a) +3'd a(x a)’ +
(x,y) =f( b)+af ( ) + (y —b)
fx,y) =f(a, 3%y, xX—a oyl y
1 aZf 2 2
—|— — )2 + —— — h)2 — —
+2 2 ab(x a) +ayz ab(y b) +26Xayab(x a)ly—b)|+

“material derivative”, “total derivative”, —t — meaning the changes following the
movement of the air parcel.

T(x,y,z,t) =T(a,b,c,d)

N daT ( )4+ daT
0x ab,c,d ay

b -by+ o (z—c)+a—I (t—d)

ab,c,d 0Zlap,ca Otlgp,ca



Substitute
x=x+88x,y=y+08y,z=z+8z,t=t+ 06t
a=x,b=y,c=zd=t

Then,
T(x+6x,y+68y,z+68z,t+6t) —T(x,y,z,1t)
0T 0T 0T 0T
= — (x+8x—x)++—— 6y) +— (6z) + = (8¢t)
0x x,y,z,t ay x,Z,t 0z x,y,Z,t ot x,y,z,t
Define
ST=T(x+6x,y+8y,z+6z,t+6t)—T(x,y,2z1t)
ST aT(‘St+aT<‘S +6 1) +6T8
ot o T ax X T ay Y T 9%
ST 6T 0T 8x 0T 8y 0T &6z
St ot 6x 8t 6y 8t 9z 5t
ot, 6x,0y,6z —» 0
Then,

bx 8y bz
st et Vet Y
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