
ME 473
Professor Sawyer B. Fuller

Performance Specification and Analysis

1

Chapter 3



Time-Domain	Performance	Speci1ications	for	Response	to	Unit	Step	Command
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Settling	Time	(2%)Peak	Time
Rise	Time
Rise	Time	for	a	system	that	does	not	overshoot

Delay	Time

Percent	Overshoot	=	100(Mp	–	1)%

Peak	Value
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Simple Oscillator Model:

    ωd = ωn 1−ζ 2
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Important	control	design	topic,	
but	not	covered	in	this	course!

Bode	plot	of		
“Loop	transfer	function”	

G(j𝜔)H(j𝜔)
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Instrument Bandwidth Example
(Example 3.9)

⎨⎩⎧Input:

⎨⎩
⎧Output:

Figure	3.13	
A	mechanical	tachometer.



Static Gain = 
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Transfer function:

Assumption:  The power in via the rotating 
shaft goes into (1) friction losses between the 
rotating cylinder and the fluid, and (2) the 
potential energy stored in the torsional 
spring:

    
Θo(s)
Ωi(s)

=
b

bs + k
=

b/k
(b/k)s +1

 = τ
τs +1

    
Let
ωbw ! the half power bandwidth

    b ωi− !θo( )= kθo

The half  power bandwidth is the lowest frequency 
at which the gain of the transfer function drops to
1/ 2  times its static gain. 

  

Then
static gain

2
=

    
⇒

τ

2
=

τ

(τωbw )2 +12

    
⇒ ωbw =

1
τ

Because                                the “half power bandwidth” is also referred to as the “−3 db bandwidth”. 
  
20 log

1
2

⎛

⎝
⎜⎜⎜
⎞

⎠
⎟⎟⎟⎟≈−3

τ

  
τ

2     
=

τ
τ( jωbw )+1

Torque	on	case	due	to	torsional	spring
Torque	on	case	due	to	fluid	friction
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Aliasing
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⟹

Nyquist
Frequency

if  f2 > fc ⇒ sampled version of f2 will 
alias to the frequency 
fc−( f2− fc)    = f1

f2−fcf2−fc

Aliasing



Discrete-time	systems	

• From	Prof.	Garbini’s	“Notes	on	discrete-time	systems”	(on	Canvas	site)
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if	the	system	is	linear,	the	response	y	
can	be	described	by	

⟺		
G(s)

⟺		
H(z)
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Frequency Response of Continuous-Time Systems

H(s)u(t) y(t)

!!  If!u(t)= sin(ωt) then,!in!the!steady!state,

y(t)= H( jω) sin ωt+ tan−1
Im H( jω)⎡
⎣⎢

⎤
⎦⎥

Re H( jω)⎡
⎣⎢

⎤
⎦⎥

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟

⎧
⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫
⎬
⎪⎪⎪

⎭
⎪⎪⎪

In	words:	 The	response	of	a	linear	system,	with	transfer	function	H(s),	in	the	steady-state,	to	the	input	
sin(ω t),	will	be	a	sine	wave	of	the	same	frequency	as	the	input	sine	wave.	

The	amplitude	gain	of	the	steady-state	output	sine	wave	relative	to	the	input	sine	wave	and	
the	phase	lead	angle	of	the	steady-state	output	sine	wave	relative	to	the	input	sine	wave	are	
easy	to	predict	using	the	“frequency	response	function”	H(	jω).

“Frequency	Response	Function”



14

Frequency Response of Discrete-Time Systems

ΔT
H(z)u(t) y(k)

u(k)

k	=	0,	1,	2,	...

!!  
The!frequency!response!of!a!discrete3time!system!is!a!periodic!function!
of!the!frequency!ω ,!with!period 2π /ΔT ,!because

If 	u(t)= sin(ωt), then	u(k)= sin(ωkΔT), for	k=0,1,2,…,

!!   e jωΔT = e
j ω±

2π
ΔT

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
ΔT

⎡

⎣
⎢
⎢⎢

⎤

⎦
⎥
⎥⎥ = e

j ω±22π
ΔT

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
ΔT

⎡

⎣
⎢
⎢⎢

⎤

⎦
⎥
⎥⎥ = e

j ω±32π
ΔT

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
ΔT

⎡

⎣
⎢
⎢⎢

⎤

⎦
⎥
⎥⎥ = !

y(k)= H(e jωΔT ) sin ω kΔT+ tan−1
Im H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

Re H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫

⎬
⎪⎪⎪

⎭
⎪⎪⎪

!and,!in!the!steady!state,

for$k=0,1,2,….
“Frequency	Response	Function”
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cos(θ)

sin(θ)

Real	Part

Im
ag
	P
ar
t

θ

1

!!  = cosθ + j sinθ! e jθ

!!   A!graphical!look!at!e jθ= e jωΔT…

= ω ΔT

0
0

y(k)= H(e jωΔT ) sin ω kΔT+ tan−1
Im H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

Re H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫

⎬
⎪⎪⎪

⎭
⎪⎪⎪
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y(k)= H(e jωΔT ) sin ω kΔT+ tan−1
Im H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

Re H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫

⎬
⎪⎪⎪

⎭
⎪⎪⎪

Generating Frequency Response Data Points

Im
ag
	P
ar
t

1
Real	Part

θ1	= ω1 ΔT

θ2	= ω2 ΔT

θ3	= ω3 ΔT
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y(k)= H(e jωΔT ) sin ω kΔT+ tan−1
Im H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

Re H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫

⎬
⎪⎪⎪

⎭
⎪⎪⎪

Generating Frequency Response Data Points

Im
ag
	P
ar
t

1
Real	Part
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y(k)= H(e jωΔT ) sin ω kΔT+ tan−1
Im H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

Re H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫

⎬
⎪⎪⎪

⎭
⎪⎪⎪

Generating Frequency Response Data Points

Im
ag
	P
ar
t

1
Real	Part

θ19	= ω19 ΔT = θ1		= ω1 ΔT	!!
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Frequency Response of Discrete-Time Systems

ΔT
H(z)u(t) y(k)

u(k)

k	=	0,	1,	2,	...

!!  
The!frequency!response!of!a!discrete3time!system!is!a!periodic!function!
of!the!frequency!ω ,!with!period 2π /ΔT ,!because

!!   If !u(t)= sin(ωt), then!u(k)= sin(ωkΔT), for!k=0,1,2,…,

!!   e jωΔT = e
j ω±

2π
ΔT

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
ΔT

⎡

⎣
⎢
⎢⎢

⎤

⎦
⎥
⎥⎥ = e

j ω±22π
ΔT

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
ΔT

⎡

⎣
⎢
⎢⎢

⎤

⎦
⎥
⎥⎥ = e

j ω±32π
ΔT

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
ΔT

⎡

⎣
⎢
⎢⎢

⎤

⎦
⎥
⎥⎥ = !

y(k)= H(e jωΔT ) sin ω kΔT+ tan−1
Im H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

Re H(e jωΔT )⎡
⎣⎢

⎤
⎦⎥

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎫

⎬
⎪⎪⎪

⎭
⎪⎪⎪

!and,!in!the!steady!state,

for$k=0,1,2,….

Responsibility for the periodicity lies here!
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Homework(#6( Due(November(13
Reading:(Sections(4.1?4.9.6
Textbook(Problems:((None.
Special(Problem:((

(

!! !"

"##$$$#%&'()(&*$

%

&

'##$
#+&,-.$

/&0+,(-)(&*01)0'2(3(*40'5,+1-.'
( M1((= (1((kg((((((((M2((= (1((kg((((((((K((= (200(π2((N/m(((((((((B((= (0.2(π((N/m/sec

(

!!""
#

$!""#$%$!%" !!%"&&'(''(('(&)
*+,-./

1. Consider(the(M1–K–B–M2(system(at(the(top,(above.((In(the(block(diagram(below(it,(the(ZOH(block(is(a(“zero?
order(hold”(device.((In(it,(the(continuous?time(input(u(t)(is(generated(by(holding(the(values(of(the(discrete?time(
signal(u(k),(for(k(=(0,(1,(2,(3,(…(,(between(the(sampling(instants((which(occur(at(the(times(0,(T,(2T,(3T,(…(),(and(
the(discrete?time(signal(y(k),(for(k(=(0,(1,(2,(,(3,(…(,(is(the(sampled(version(of(the(continuous?time(y(t).((The(
above(two(diagrams(deXine(two(Xilters;(one(Xilters(a(continuous?time(signal(to(produce(a(continuous?time(
signal,(and(the(other(Xilters(a(discrete?time(signal(to(produce(a(discrete?time(signal.
The(Xile(mkbmsp.m,(on(the(course(web(page,(creates(a(Bode(plot(that(superimposes(the(frequency(responses(of(
the(continuous?time(Xilter(and(of(the(discrete?time(Xilter(for(the(sampling(period(T(=(0.01(sec.
Generate(your(own(version(of(the(mkbmsp.m(Xile(that(plots(the(same(Bode(plot(data,(but(with(the(frequency(
axes(plotted(with(a(linear((instead(of(a(logarithmic)(scale.((
How(are(the(frequency(responses(of(the(two(Xilters(similar?((How(are(they(different?
Include(with(your(solution(a(printout(of(your(m?Xile(and(of(the(Bode(plot(it(generates.

( ME(473
( Instrumentation
( Autumn(2009

9$Nov$09$$7:00:00$AM( 1(of(1
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Filter for
Continuous-Time 

Signals

Filter for
Discrete-Time 

Signals
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signal,(and(the(other(Xilters(a(discrete?time(signal(to(produce(a(discrete?time(signal.
The(Xile(mkbmsp.m,(on(the(course(web(page,(creates(a(Bode(plot(that(superimposes(the(frequency(responses(of(
the(continuous?time(Xilter(and(of(the(discrete?time(Xilter(for(the(sampling(period(T(=(0.01(sec.
Generate(your(own(version(of(the(mkbmsp.m(Xile(that(plots(the(same(Bode(plot(data,(but(with(the(frequency(
axes(plotted(with(a(linear((instead(of(a(logarithmic)(scale.((
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Sample	
and	
Hold



100 101 102 103
−200

−150

−100

−50

0

50

Frequency (rad/sec) (501 points)

M
ag

ni
tu

de
 (d

B
)

Bode of Y/U Transfer Functions (T=1.00e−02  sec)

 

 

100 101 102 103

−500
−450
−400
−350
−300
−250
−200

Frequency (rad/sec) (501 points)

Ph
as

e 
(d

eg
)

Y(s)/U(s)
Y(z)/U(z)

21

!!  
2π
ΔT!  

π
ΔT

!!  
π
ΔT

= the!Nyquist!frequency!in!rad/sec

1
2ΔT = the	Nyquist	frequency	in	Hz



Closed-Loop Control System
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Reference
Input OutputActuator Plant

Sensor

Noise

+
+

Controller
Digital

Can	Digital	Controller	1ilter	out	the	sensor	noise?
Practically	impossible	if	sensor	noise	frequencies	above	Nyquist	frequency!

Noise

+
+

Analog
Filter

Antialiasing 
Filter

solution:	add	an	“antialiasing	1ilter”		
to	remove	high-frequency	noise:
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ΔT
u(t) y(k)

k	=	0,	1,	2,	...

!! 
1

2ΔT = The!Nyquist!Frequency!in!Hertz !!  
π
ΔT

= The!Nyquist!Frequency!in!rad/sec
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Will be
Aliased

Continuous-time signal

Continuous-time signal

Aliasing

Discrete-time signal

The	Nyquist	Frequency		=	1/(2ΔT) 

The	Nyquist	Frequency		=	1/(2ΔT) Figure	3.14
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Will be
Aliased

Continuous-time signal

Continuous-time signal

Aliasing

Discrete-time signal

The	Nyquist	Frequency		=	1/(2ΔT) 

The	Nyquist	Frequency		=	1/(2ΔT) 

Conversely, if the 
continuous-time signal has 
no frequency content above 
the Nyquist frequency, then 

it can be shown that it can be 
recovered exactly from its 

sampled values.

Figure	3.14


