
1

!!  
1=

Tm
Ts

+
ωm
ω0

!!  
⇔ ω0 =ω0

Tm
Ts

+ωm

!!  
⇔ 1−Tm

Ts

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
ω0 =ωm

!!  
⇔ ωm =−

ω0
Ts
Tm +ω0

! 
Ts =

k va vf
Rf Ra

Slope = −ω0
Ts

!!  

Rf va
′k vf

=ω0

From previous slide:

and:

⇒

!! 

Always!negative!
with!magnitude!

inversely!
proportional!to!v f2!

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟

Figure	9.9

= −
RaRf

2

k ′k vf
2



2

!!  
1=

Tm
Ts

+
ωm
ω0

!!  
⇔ ω0 =ω0

Tm
Ts

+ωm

!!  
⇔ 1−Tm

Ts

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
ω0 =ωm

!!  
⇔ ωm =−

ω0
Ts
Tm +ω0

! 
Ts =

k va vf
Rf Ra

Slope = −ω0
Ts

!!  

Rf va
′k vf

=ω0

From previous slide:

and:

⇒

!! 

Always!negative!
with!magnitude!

inversely!
proportional!to!v f2!

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟

Figure	9.9

= −
RaRf

2

k ′k vf
2



3

!!  
1=

Tm
Ts

+
ωm
ω0

!!  
⇔ ω0 =ω0

Tm
Ts

+ωm

!!  
⇔ 1−Tm

Ts

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
ω0 =ωm

!!  
⇔ ωm =−

ω0
Ts
Tm +ω0

! 
Ts =

k va vf
Rf Ra

!!  
Slope = −

ω0
Ts

= −
RaRf

2

k ′k vf
2

!!  

Rf va
′k vf

=ω0

With	your	hands,	apply	
a	friction	torque	at	the		
motor’s	shaft	to	stop	the	
motor.		The	torque	you’ve	
applied	is	the	motor’s	
Stalling	Torque.and:
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Intuition for the motor torque-velocity curve

The	bearing	friction	
torque	is	now	zero.

Figure	9.9
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Next	apply,	with	your	
hands,	at	the	motor’s	shaft,	
a	friction	torque	that’s	half	
the	Stalling	Torque.

and:

⇒

!! 

Always!negative!
with!magnitude!

inversely!
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The	bearing	friction	
torque	is	now	− B	ω1	,	
and	it	also	opposes	the	
motor’s	angular	velocity.

ω1

?

Figure	9.9

From previous slide:

Intuition for the motor torque-velocity curve

Ts	/	2 + B	ω1



Peak	power	output	(Tm	ωm)	is	at	ωm	= 	ωo/2
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Lastly,	remove	your	hands	from	
the	motor’s	shaft	to	allow	the	
motor	to	rotate	freely.

and:
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The	bearing	friction	torque	is	
now	− B	ω2.

ω2

B	ω2

“No-load”	here	refers	to	a	state	
where	no	torque	whatsoever	
opposes	the	motor’s	rotation—
not	even	a	bearing	friction	torque.

Figure	9.9

Intuition for the motor torque-velocity curve
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Armature-Controlled DC Motor dynamics
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Dynamical equations:

Fix
This

   vb = ′k i f ωm

  Tm = k i f ia

  k = ′k

  
v f = Rf i f + Lf

di f

dt

  
va = Ra ia + La

dia
dt

+ vb

   
Jm

dωm
dt

= Tm−TL − bmωm

⇒

Vary
This

Figure	9.16
block-diagram	representation	of	the	dynamics	of	an		
armature-controlled	DC	motor	in	open	loop
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Fix
This

Dynamical Equations:

   vb = ′k i f ωm

  Tm = k i f ia

  k = ′k

  
v f = Rf i f + Lf

di f

dt

  
va = Ra ia + La

dia
dt

+ vb

   
Jm

dωm
dt

= Tm−TL − bmωm

⇒

Field-Controlled DC Motor

Vary
This

Figure	9.21



Field-Controlled DC Motor

Typically Jm
bm
≫
Lf
R f

,  so that
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Dynamics:
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Rf bm
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⎜⎜⎜
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TL(s)

   
Ωm(s) =

ka
(Lf s + Rf )(Jms + bm )

Vf (s)− 1
(Jms + bm )

TL(s)

=

ka
Rf bm

Lf
Rf
s+1

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
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⎛

⎝
⎜⎜⎜
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⎠
⎟⎟⎟⎟
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1
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⎛

⎝
⎜⎜⎜
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Fast Slow



    

Ωm(s)≈ km
!Δ(s)

Va(s)− Ra
!Δ(s)

TL(s)

!Δ(s) = Rabm
Jm
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⎛
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⎜⎜⎜

⎞

⎠
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Typically Jm

bm
≫

La
Ra

,  and then

Armature-Controlled DC Motor
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Dynamics:

   

Ωm(s) =
km
Δ(s)

Va(s) − Las + Ra
Δ(s)

TL(s)

           = km
Δ(s)

Va(s) −
Ra

La
Ra

s +1
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

Δ(s)
TL(s)

Δ(s) = (Las + Ra )(Jms + bm )+ km ′km

        = Rabm
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Ra
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⎛

⎝
⎜⎜⎜

⎞

⎠
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Jm
bm

s +1
⎛

⎝
⎜⎜⎜

⎞
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⎟⎟⎟⎟
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Fast Slow

** To see this, think about the Bode plot of 
La
Ra
s+1

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
Jm
bm
s+1

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟.

**
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DC Motor Selection



u

Figure	9.15
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DC ServomotorTypically, filtering circuitry to 
condition the sensor input 

signals + PID controller 
circuitry to determine the 

output signal u to cause the 
transmitted torque T, or the 

speed ωm, or the position θm, to 
track the reference input signal.

A DC servomotor is a DC motor with 
feedback control “built in” to make 
the motor follow a specified motion 

or torque trajectory.

Typically a reference 
position (θm), speed (ωm), 
or torque (T) signal.  Or a 
combination of the three 
for a multi-input servo 

controller.



Closed-Loop Control of DC Motor Angular Velocity
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A DC Servomotor for Angular Velocity
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Closed-Loop Control of DC Motor Angular Velocity

A DC Servomotor for Angular Velocity

Optical	Encoder

Counter	Chip	for	Optical	Encoder Power	Supply	for	DC	Motor


